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In this work, a new rate-dependent interface model for computational analysis of quasi-brittle materials like concrete is
presented. The model is formulated on the basis of the inviscid elastoplastic model by [Carol, I., Prat, P.C., Lo´pez, C.M.,
1997. ‘‘A normal/shear cracking model. Interface implementation for discrete analysis”. Journal of Engineering Mechan-
ics, ASCE, 123 (8), pp. 765–773.]. The rate-dependent extension follows the continuous form of the classical viscoplastic
theory by [Perzyna, P., 1966. ‘‘Fundamental problems in viscoplasticity”. Advances in Applied Mechanics, 9, pp. 244–
368.]. According to [Ponthot, J.P., 1995. ‘‘Radial return extensions for viscoplasticity and lubricated friction”. In: Proceed-
ings of International Conference on Structural Mechanics and Reactor Technology SMIRT-13, Porto Alegre, Brazil, (2),
pp. 711–722.] and [Etse, G., Carosio, A., 2002. ‘‘Diﬀuse and localized failure predictions of Perzyna viscoplastic models for
cohesive-frictional materials”. Latin American Applied Research (32), pp. 21–31.] it includes a consistency parameter and
a generalized yield condition for the viscoplastic range that allows an straightforward extension of the full backward Euler
method for viscoplastic materials. This approach improves the accuracy and stability of the numerical solution. The model
predictions are tested against experimental results on mortar and concrete specimens that cover diﬀerent stress paths at
diﬀerent strain rates. The results in this work demonstrate, on one hand, the capabilities of the proposed elasto–viscoplastic
interface constitutive formulation to predict the rate-dependency of mortar and concrete failure behavior, and, on the
other hand, the eﬃciency of the numerical algorithms developed for the computational implementation of the model that
include the consistent tangent operator to improve the convergence rate at the ﬁnite element level.
 2007 Elsevier Ltd. All rights reserved.
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It is known that quasi-brittle materials like concrete present a highly complex mechanical behavior charac-
terized by a strongly stress-state dependent failure response. The main and fundamental reason is the intrinsic0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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R. Loreﬁce et al. / International Journal of Solids and Structures 45 (2008) 2686–2705 2687heterogeneity due to the composite nature of its mesostructure. Presently, the inﬂuence of the concrete heter-
ogeneity in its response behavior is concentrating signiﬁcant attention of the international scientiﬁc
community.
In this sense, most of the recent attempts focus on the development and use of discrete models instead of
those based on continuum approaches, see a.o. Stankowski (1990), Vonk (1992), Carol et al. (1997), Lo´pez
Garello (1999), Vervuurt (1997), Slowik and Leite (2000), Chang et al. (2002a,b), Shi et al. (1999), Wang
and Bittencourt (2001), among others. The increasing use of discontinuous models is mainly due to their mesh
objective numerical predictions but also to the fact that they can be used in computational analysis at both
meso and micro-mechanical levels.
Another relevant diﬃculty of the concrete mechanical behavior arises from its rheologic feature that is
responsible for the signiﬁcant time-eﬀect dependence of its failure response. Essentially, two types of time-
eﬀects can be distinguished in concrete behavior. On the one hand, the time-dependent eﬀect that appears
during sustained load and/or deformation processes in concrete such as creep and relaxation. This type
of time-eﬀect is not taken into account in the present paper. On the other hand, the time-rate eﬀect or, sim-
ply, the rate-dependent eﬀect that controls the concrete fracture/cracking process evolution (phenomenon
related to the activated energy that is necessary for the rupture of interatomics bounds). The rate dependence
of concrete is activated during seismic loads, impacts and/or machine vibrations that act in most of the exist-
ing concrete structures and foundations. Contributions related to the experimental evidence of the rate-
dependent eﬀect are due to Watstein (1953), Takeda and Tachikawa (1962, 1971), Cowell (1966), Birkimer
(1968), Birkimer and Lindemann (1971), Hughes and Gregory (1972), Hughes and Watson (1978), Reinhardt
(1982, 1984, 1985), Ross et al. (1989), Ross (1991), Ross et al. (1995), Ross et al. (1996), John and Shah
(1987), John et al. (1992), Tedesco et al. (1989, 1991, 1993, 1997), Suaris and Shah (1984, 1985), Bresler
and Bertero (1975), Dilger et al. (1978), Malvern et al. (1985), Bazant and Gettu (1992), Bazant et al.
(1993, 1995) among others. The range of the evaluated strain rates was generally controlled by the type
of loading devices used in each experimental research. For instance, Bresler and Bertero (1975) and Takeda
and Tachikawa (1962) used hydraulic testing machines to load specimens at strain rates up to 1 s1. Hughes
and Gregory (1972), Watstein (1953) and Hughes and Watson (1978) used a drop-weight impactor to
achieve strain rates up to 10 s1. Ross et al. (1989, 1996) and Malvern et al. (1985) used a split Hopkinson
Pressure Bar (SHPB) and obtained deformation rates between 10 and 103 s1. The strain at maximum
strength or peak stress is an important parameter in the characterization of material behavior. There have
been diﬀering interpretations regarding how this strain varies with the strain rate. Watstein (1953) and
Takeda and Tachikawa (1962) reported that the strain at peak stress increases with increasing strain rate.
Contrarily, Hatano and Tsutsumi (1960) and Cowell (1966) found that it essentially remains constant while
Hughes and Watson (1978), Dilger et al. (1978), and Dhir and Sangha (1972) have indicated that it decreases
with increasing strain rate.
The contradictory ﬁndings can be partly attributed to the inconsistency in the loading methods used for the
tests. However, and despite the diﬀerences in the authors ﬁndings regarding the variation of the strain at peak
stress with the strain rate, they all demonstrated that the higher the strain rate, the more relevant the concrete
rate dependence.
The strain rate dependence of the concrete compressive and tensile peak stresses is typically illustrated by
means of the dynamic increase factor curve DIF that shows the variation of the dynamic to static uniaxial
strengths with the applied strain rates on a semi-log or log–log scale. Fig. 1 shows diﬀerent DIF curves
obtained by several authors. They are compared with the CEB–DIF curves for 30 and 70 MPa concrete
strengths. One important aspect of all the experimental data in Fig. 1 independently of the particular test
device and procedure considered, is that above the strain rate of 1 sec1 they all show the same trend, i.e.,
a stronger increment of the DIF. The data from Birkimer (1968), and Birkimer and Lindemann (1971) were
obtained by measuring the strain pulses on long concrete rods impacted by metallic projectiles. McVay (1988)
and Antoun (1991) obtained their data by back calculating stress and strain from spall tests. Data collected by
Ross et al. (1989, 1996) were obtained using two diﬀerent size split Hopkinson pressure bars, three diﬀerent
specimen sizes, and six diﬀerent concrete mixtures. Moreover, they performed two diﬀerent type of tensile
tests, the direct tensile test and the splitting tensile test (Brazilian test). Finally, data by John et al. (1992) were
obtained from independent SHPB tests. As indicated before, in all cases, and for strain rates larger than 1 s1,
Fig. 1. Experimental test data – pure tension test.
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Regarding the inﬂuence of the concrete static compressive strength in its strain rate sensitivity, the experimen-
tal results of Cowell (1966) as well as Kormeling et al. (1980) demonstrate that concretes with the lower com-
pressive strength exhibited the higher DIF in tension.
The experimental evidence shows also that concrete rate dependency is higher in tension than in compres-
sion. Particularly, in the tension regime we can distinguish between a low to moderate rate-dependency range
for strain rates from 106 to 1.0 s1, on the one hand, and a high rate-dependency range for strain rates greater
than 1.0 s1, on the other hand. The strong change of the DIF that takes place at this upper limit of strain rate
(1.0 s1) can be observed in Fig. 1. In the low to moderate regime, moisture content plays an important role in
concrete over-strength, Rossi et al. (1992), Rossi (1997), Cadoni et al. (2001a,b), Ross et al. (1996). The free
water in the micro-pores originate the so-called Stefan-eﬀect (Rossi, 1997) causing a strengthening eﬀect in
concrete with increasing loading rate. This Stefan-eﬀect is the phenomenon that occurs when a viscous liquid
is trapped between two plates that are rapidly separated, causing a reaction force on the plates that is propor-
tional to the velocity of separation. In Cadoni et al. (2001a,b), a diﬀerent explanation for the inﬂuence of the
moisture content is given, based on the principle of wave propagation in concrete. When a pore is not ﬁlled
with water, it will locally reﬂect the incoming stress wave. The multiple reﬂections of all pores together may
cause a considerable stress increase giving rise to material damage. When a stress wave meets a pore that is
ﬁlled with liquid the reﬂected stress is not big enough to cause the stress increase. Therefore, wet concrete
exhibits less damage and more pronounced rate-dependent eﬀects than dry concrete when subjected to stress
waves. This interpretation by Cadoni et al. (2001a,b) provides an explanation to the strength diﬀerences
between wet and dry concrete. However, it fails to explain the increase in strength that occurs in concrete
under dynamic loading. Actually, the rate dependency in the high loading rate regime is mainly due to
micro-inertia eﬀects in the fracture process zone, Weerheijm et al. (2001, 2003), Brara and Klepaczko
(2006). This mechanism is completely diﬀerent to the one that governs the rate-dependency in the low to mod-
erate strain rate regime.
Conceptual and numerical standpoint studies regarding the inﬂuence of the strain-rate in concrete and
cementitious materials at macromechanic level are a.o. due to Etse and Carosio (2002), Bazant et al.
(2000), Burlion et al. (2000), Winnicki et al. (2001), Grote et al. (2001) and Park et al. (2001). At the mesome-
chanic level, the authors that evaluated the concrete strain rate sensitivity are a.o., Ruiz et al. (2000), Xu and
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Oh (1982), and Li and Bazant (1997). Bazant et al. (2000) proposed a rate-dependent extended version of the
Microplane M4 model by means of a viscoelastic Maxwell chain. Etse and Carosio (2002) as well as Winnicki
et al. (2001) worked on a rate-dependent extension of elasto-plastic models for concrete using Perzyna’s visco-
plasticity theory in order to include the strain rate and time eﬀects in the material response. Etse and Carosio
(2002) considered the continuous Perzyna viscoplasticity concept by Ponthot (1995) to evaluate the localized
failure indicator performance. Winnicki et al. (2001) extended the Hoﬀman model for concrete by introducing
the consistent viscoplasticity concept by Wang (1997), see also Wang and Sluys (2000).
In this work, a new viscoplastic-based time/rate-dependent interface model for quasi-brittle materials like
concrete is presented. Discussion focusses on the model performance to capture rate eﬀects on failure behavior
of cementitious-like materials. Based on the previously discussed experimental evidence regarding the diﬀerent
mechanisms controlling the concrete rate dependency in the low to moderate and the high strain rate regimes,
and as the proposed model takes into account the rate dependency by means of the viscoplastic theory, the
numerical predictions in this work are restricted to the low to moderate regime of strain rates. The interface
elasto–viscoplastic formulation is based on a continuum Perzyna-type extension of the inviscid interface model
by Carol et al. (1997). Contrarily to the classical Perzyna formulation this continuum theory by Ponthot
(1995) includes a generalized consistency condition for the viscoplastic range which allows the extension of
the well-known numerical methods of classical plasticity to rate-dependent models. After formulating the con-
stitutive equations of the viscoplastic interface model the numerical algorithms developed for the computa-
tional implementation of the model are presented, including the consistent tangent operator to improve the
convergence rate at the ﬁnite element level.
In order to properly calibrate the model, the experimental tests on concrete specimens at diﬀerent strain
rates by Suaris and Shah (1984, 1985) are considered. The numerical analysis of concrete and mortar dynamic
behaviors under diﬀerent stress paths in this work demonstrate, on the one hand, the eﬃciency of the devel-
oped numerical tools and, on the other hand, the capabilities of the proposed formulation to reproduce the
strength and ductility dependency of quasi-brittle materials like mortar and concrete on the considered strain
rates.
2. Continuous Perzyna rate-dependent formulation
Similar to the ﬂow theory of plasticity, the elasto–viscoplastic constitutive relations by Perzyna (1966) may
be written as_r ¼ _re  _rvp ¼ E : ð_e _evpÞ ð1Þ
_evp ¼ gðw; F ; rÞ ¼ 1g hwðF Þim ð2Þ
m ¼ A1 : n ¼ A1 : oF
or
ð3Þ
wðF Þ ¼ F ðr; qÞ
F o
 N
ð4Þ
_q ¼ 1
g
hwðF ÞiH : m ð5Þwhere _evp represents the viscoplastic portion of the total strain rate tensor _e, g the ﬂuidity parameter (apparent
viscosity) and _q the rate of hardening/softening variables deﬁned as a tensor of arbitrary order. Eq. (1) follows
from the additive decomposition of the total strain rate into an elastic and a viscoplastic part _e ¼ _ee þ _evp, quite
similar to the Prandtl–Reuss equations in case of inviscid elasto-plastic constitutive materials. Thereby E is the
fourth order elastic tensor. Eqs. (2) and (3) describe a general non-associated ﬂow rule that controls the direc-
tion of the viscoplastic strains. This is deﬁned by the gradient tensor m obtained by a modiﬁcation of the gra-
dient tensor n to the yield surface F by means of the fourth order transformation tensor A. wðF Þ in Eq. (4) is a
dimensionless monotonically increasing over-stress function that depends on the inviscid yield function F ðr; qÞ
which deﬁnes the limit of the elastic domain. F o represents a normalizing factor, usually chosen equal to the
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ticity while the Mc Cauley brackets in Eq. (2) and (5) states the features of the over-stress function ashwðF Þi ¼ wðF Þ if F > 0
0 if F 6 0

ð6ÞFinally, Eq. (5) represents the evolution law of the hardening/softening variables q by means of a suitable
tensorial function H of the state variables.
In the continuous Perzyna formulation, see Ponthot (1995), Eqs. (1)–(5) are complemented by the consis-
tency viscoplastic parameter _k which is deﬁned in terms of the over-stress function,_k ¼ 1
g
hwðF Þi ð7ÞSo that the evolution Eqs. (2) and (5) take now the classical forms_evp ¼ _km ð8Þ
_q ¼ _kH : m ¼ _kh ð9Þbeing h ¼ H : m. In the particular case of one state variable, Eq. (9) turns into
_q ¼ _kh ð10Þwith h a scalar function of m. In what follows this case will be considered and the extension to the case of
several state variables is straightforward. After eliminating _k between (7) and (8) and applying the inverse
function w1 in both terms followsF ¼ w1 k_evpkkmk g
 
¼ w1ð _kgÞ ð11ÞWe may now deﬁne the new constrain condition for the viscoplastic range restating (11) asF ¼ F  w1ð _kgÞ ¼ 0 ð12Þ
which represents a generalization of the inviscid yield condition F ¼ 0 for rate-dependent Perzyna viscoplastic
materials. The name continuous formulation is due to the fact that the condition g ¼ 0 (no viscosity eﬀect) leads
to the elastoplastic yield condition F ¼ 0, see Etse and Carosio (2002). Moreover, from (7) follows that when
g! 0 the consistency parameter remains ﬁnite and positive since also the over-stress goes to zero. The other
extreme case, g!1; leads to the inequality F < 0 for every possible stress state, indicating that only elastic
response may be activated.
The constrain deﬁned by Eq. (12) allows a generalization of the Kuhn–Tucker conditions_kF ¼ 0; _kP 0; F 6 0: ð13Þ
Finally, the generalized consistency condition for the viscoplastic range expands into_F ¼ n : _rþ r _qþ s€k ¼ 0 ð14Þ
wherer ¼ oF
oq
¼ oF
oq
 ow
N ð _kgÞ
oq
 !
ð15Þands ¼  ou
N ðg _kÞ
o _k
ð16Þ
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role in the numerical integration of continuous Perzyna constitutive models. In this regard, linearization of
Eq. (14) allows, on the one hand, the application of the well-known Backward-Euler or Closest Point Projec-
tion method of inviscid elastoplasticity to obtain full implicit stress integration procedures during Perzyna-
type viscoplastic processes. On the other hand, it allows the formulation of the algorithmic tangent operator
to improve the convergence rate at the ﬁnite element level in the framework of the Newton-Raphson method.
Consequently, continuous Perzyna model formulations are related to a superior eﬃciency of the numerical
procedures for stress integration as compared to classical Perzyna viscoplasticity.
Other interesting modiﬁcation to the classical Perzyna formulation is due to Wang (1997), which includes
the strain rate as an additional state variable into the ﬂow and viscoplastic potential functions, i.e.,F vp ¼ F vpðr; q; _eÞ ð17Þ
This also leads to the formulation of the rate-dependent Kuhn–Tucker conditions for the viscoplastic range
similarly to the continuous Perzyna formulation.3. Time-dependent interface model formulation
In this section, the rate-dependent extension of the interface model by Carol et al. (1997) is presented. The
viscoplastic yield condition of the interface constitutive model is deﬁned asF ¼ F  w1ð _kgÞ ¼ s2  ðc r tan/Þ2 þ ðc v tan/Þ2  ð _kgÞ ð18Þ
where a Perzyna exponent N ¼ 1 is considered. The interface behavior is formulated in terms of the stress vec-
tor t ¼ ½r; sT , with normal and tangential stress components to the interface plane, and corresponding relative
displacements u ¼ ½u; vT . The tensile strength v (vertex of hyperbola), the shear strength c (cohesion strength)
and the internal friction angle / are model parameters, while _k is the viscoplastic multiplier deﬁned as in Eq.
(7) being g the viscosity. In Eq. (18), two limit situations can be distinguished: (a) cracking under pure tension,
with zero shear stress (Mode I), when the yield surface is reached along the horizontal axis, and (b) cracking
under shear and very high compression, when the yield surface is reached in its asymptotic region, where the
hyperbola approaches a Mohr-Coulomb criterion, which is called ‘‘asymptotic Mode II”. The hyperbolic cri-
teria provides a smooth transition between these two limit states. The evolution of the rate-dependent fracture
process is driven by the cracking parameters v and c, which depends on a single state variable: the work spent
during viscoplastic crack formation, qvcr. As qvcr increases, c and v are assumed to linearly decrease from their
initial values v0 and c0 in terms of an intermediate scaling function S, deﬁned asv ¼ v0ð1 SðnvÞÞ c ¼ c0ð1 SðncÞÞ ð19Þ
withSðnvÞ ¼
eavnv
1þ ðeav  1Þnv
SðncÞ ¼
eacnc
1þ ðeac  1Þnc
ð20Þwhere nv ¼ qvcr=GIf , nc ¼ qvcr=GIIf and av, ac are material parameters. Here, GIf and GIIf are the fracture energies
in Mode I and Mode II, respectively. As the friction angle is assumed to remain constant, the evolution law of
qvcr that deﬁnes the necessary amount of release energy to open a single crack in a time-dependent tensile or
compressive fracture processes is_qvcr ¼ tT _uvcr ð21Þ
and_uvcr ¼ _kAn ð22Þ
the critical rate-dependent displacement vector at the interface. The viscoplastic ﬂow is fully associated in ten-
sion while non-associated in compression. In the viscoplastic interface model formulation, Eq. (3) is expressed
in matrix form as m ¼ An, with
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ot
¼ oF
or
;
oF
os
 T
¼ ½2 tan/ðc r tan/Þ; 2sT ð23ÞThereby, the transformation matrix A deﬁning the loss of normality of the rate-dependent crack opening
displacement evolution vector _uvcr in the viscoplastic interface model is obtained asA ¼
1 0
0 1
 
if rP 0
frdil fcdil 0
0 1 r tan/s
  	
 !
if r < 0
8>><
>>>:
ð24ÞThe factors f dilr =1 jrj=rdil and f dilc =1 c=c0 account for the dilatancy eﬀects in the compressive regime
by means of a reduction of the normal stress component to the interface, see Carol et al. (1997) and Lo´pez
Garello (1999). In the expression of f dilr , r
dil is a model parameter representing the value at which dilatancy
vanishes.
The continuum viscoplastic formulation of the rate-dependent interface constitutive model is completed by
the following equations_u ¼ _uel þ _uvcr ð25Þ
_uel ¼ E1 _t ð26Þ
_t ¼ Eð _u _uvcrÞ ð27Þwhere _uT ¼ ð _u; _vÞ is the rate of the relative displacement vector which is decomposed into the elastic or recov-
erable portion and the rate-dependent crack opening component, _uel and _uvcr, respectively. E deﬁnes a fully
uncoupled normal/tangential elastic stiﬀness at the interfaceE ¼ EN 0
0 ET
 
ð28ÞThe viscoplastic consistency condition in Eq. (14) takes now the form _F ¼ nT _tþ r _qvcr þ s€k ¼ 0, with r and s
deﬁned asr ¼ oF
oc
dc
dqvcr
þ oF
ov
dv
dqvcr
 
ð29Þ
oF
oc
¼ 2 tan/ðr vÞ ð30Þ
oF
ov
¼ 2 tan/ðc v tan/Þ ð31Þwithdc
dqvcr
¼  c0e
acGIIf
½ðeac  1Þqvcr þ GIIf 2
ð32Þ
dv
dqvcr
¼  v0e
avGIf
½ðeav  1Þqvcr þ GIf 2
ð33Þands ¼  ou
1ðg _kÞ
o _k
¼ g ð34Þ
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In the context of the Closest Point Projection Method (CPPM), the viscoplastic crack opening displacement
at time ‘‘n” takes the form, see Carosio et al. (2000)uvcrn ¼ uvcrn1 þ DknAnnn ð35Þ
Ignoring the subscripts ‘‘n”, the incremental form of stress and state variables can be expressed asDt ¼ EðDu DuvcrÞ ¼ EðDu DkAnÞ ð36Þ
Dqvcr ¼ tTDuvcr ð37ÞThus, the viscoplastic consistency condition at iteration ‘‘i” can be expressed as a function of iDðkÞ,
iF¼iF ðiDðkÞÞ. The viscoplastic consistency parameter iDðkÞ can be obtained similarly to classical inviscid elas-
toplasticity from the expression of a truncated Taylor’s serie at the ﬁrst termiF¼i1Fþi1 dF
dDk
 
idDk ¼ 0) idDk ¼ i1F i1 dF
dDk
  1
ð38ÞAs proposed by several authors, see a.o. Ponthot (1995), Wang (1997), Carosio et al. (2000), and to avoid
further complication, it is supposed here that _k is accurately approximated by _k ¼ Dk=Dt, i.e., Dk ¼ Dtg hwðF Þi.
This leads to d _k=dDk ¼ 1=Dt. Thus, the derivative of the viscoplastic yield function with respect to Dk takes
the formdF
dDk
¼ nT dt
dDk
þ oF
oc
dc
dqvcr
þ oF
ov
dv
dqvcr
 
tTm g
Dt
ð39ÞThe change of the stresses with respect to Dk follows from Eq. (36) asdt
dDk
¼ Emm ð40ÞwithEm ¼ E1 þ Dk om
or
 1
¼ ðE1 þ DkMÞ1 ð41Þwhere Em is the modiﬁed elastic matrix andM ¼ om=ot the hessian matrix for the interface model, which for a
constant friction angle results:
 For r > 0M ¼ 2 tan
2 / 0
0 2
 
ð42Þ For r < 0M ¼ 2f
dil
c tan/
jrj
rdil ðc r tan/Þ  1 jrjrdil tan/

 h i
0
2j r tan/s j tan/ 2j r tan/s j r tan/s  1
 þ 2
0
@
1
A ð43ÞAfter replacing Eq. (40) in Eq. (39) and further in Eq. (38) we obtain the iteration formula for dDk asidDk ¼ 
i1F
i1½nTEmmþ oFoc dcdqvcr þ oFov dvdqvcr

 
tTm gDt
ð44Þfrom where the increment of the viscoplastic parameter iDk¼i1Dkþ idDk is obtained and further those of the
stress vector and state variable from Eqs. (36) and (37).
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In the framework of the ﬁnite element method, it is desirable to use an algorithmic tangent operator instead
of the continuous one in order to preserve a quadratic convergence rate. The algorithmic tangent operator for
the interface model can be formulated starting from the linearization of the viscoplastic consistency condition,
see Eq. (14), for a ﬁnite increment ‘‘d”, quite similar to rate independent plasticity,dF ¼ nTdtþ rdq gd _k ¼ 0 ð45Þ
The diﬀerential changes of the stress vector and state variables can be evaluated in a consistent form with the
BE schemedt ¼ Em du dDkmð Þ ð46Þ
dq ¼ dDktTAnþ DkdtTAnþ DktT dðAnÞ
dt
 
dt ð47ÞSubstituting Eqs. (46) and (47) into Eq. (45) and after some algebra, we obtaindDk ¼ n
TEmduþ bDkr
nTEmm ar þ g=Dt ð48Þwith the scalar values a, b deﬁned asa ¼ tTm Dk mTEm þ tTMEm 	m ð49Þ
b ¼ duTEmmþ tTMEmdu ð50ÞInserting Eq. (48) into the tangential stress–strain relation dt ¼ ½Ealgvp du, the algorithmic tangent operator
for the continuum viscoplastic interface model is obtained as½Ealgvp  ¼ Em 
nTEm þ Dkr mTEm þ tTMEm½ 
nTEmm ar þ g=Dt
 
ð51ÞThe numerical performance of this development is tested in the next section.
6. Numerical analysis
6.1. Eﬃciency assessment of stress integration procedure
We evaluate the numerical performance of the proposed rate-dependent interface model when three dif-
ferent approaches for the material operator are used: the consistent operator, the continuum operator and
the continuum one with a subincrementation procedure by Lo´pez Garello (1999). For this numerical per-
formance evaluation the post-peak regime of the uniaxial tensile test is considered with decreasing number
of displacement increments. The results are depicted in Fig. 2 whereby the”exact” solution that is
obtained using very small displacement increments is indicated with solid line. The numerical tests were
run using alternatively 6, 2, and 1 displacement increments. When 6 steps were considered, all the three
numerical approaches leaded to very similar response behavior. However, the continuous operator proce-
dure required signiﬁcantly more iterations to achieve the convergence criterion than the continuum tan-
gent with subincrementation, and, moreover, than the consistent tangent procedure. When up to 2 steps
were considered the numerical schemes based on the consideration of continuum tangent without subin-
crementation techniques could not fulﬁll the convergence criterion. Contrarily, the convergence could be
reached when the consistent tangent was used leading to an accurate solution of the algebraic problem.
The convergence properties of the algorithms can further be investigated by looking at the residuum of
the iteration procedure. Fig. 3 shows the evolution of the measured residuum norm versus the number
of iteration steps obtained for one selected converged stress state of the numerical tests. In the analyses
for Fig. 3 the non-linear branch is evaluated with 6, 2, and 1 steps (departing from a stress state at the
beginning of the softening regime). In the same ﬁgure the convergence performance of the continuum
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speciﬁed maximum number of iterations (50). The results in Figs. 2 and 3 demonstrate the superior
numerical performance regarding robustness and eﬃciency of the algorithmic or consistent tangent
operator for the proposed time-dependent interface model.
6.2. Model calibration
In the framework of the viscoplastic ﬂow theory the time dependence of the material parameters and par-
ticularly the over-strength is introduced by the viscosity g. To properly reproduce the complex variation of the
concrete tensile over-strength with the applied loading rate, a velocity-dependent description of the viscosity
parameter needs to be incorporated. In this work, and based on the considered calibration tests by Suaris and
Shah (1984, 1985), the following evolution law for the viscosity is proposed in terms of the applied velocityg ¼ gð _uÞ ¼ g0½a lnð _uÞ þ b
ﬃﬃﬃ
_u
p
þ c ð52Þwhereby _u represents the displacement rate at the interface, and the coeﬃcients are a ¼ 0:072, b ¼ 0:719 and
c ¼ 1:678, while the initial viscosity is g0 ¼ 1:E5 MPa.sec. The prediction of the interface model in terms of the
tensile dynamic increase factor DIF is plotted in Fig. 4 and compared versus experimental results. The stress-
displacement response for diﬀerent velocities are shown in Fig. 5 and compared versus experimental results.
The numerical analyses were carried-out in a range of velocities between 1.0E-6 and 1.0 mm/s. For the pur-
pose of veriﬁcation of the present model, stresses and displacements reported in the experiments were consid-
ered as average values at the interface. Model parameters were set as: EN ¼ 30000 MPa=mm, v0 ¼ 5:37 MPa,
GIf ¼ 0:03 N=mm, GIIf ¼ 10GIf , and shape coeﬃcients av ¼ ac ¼ 0. Model predictions are in good agreement
with the measured peak values, but unfortunately, experimental results of the dynamic response of concrete
specimens are not available for the softening branch, so model predictions after that point cannot be tested.
The results also demonstrate, that in one extreme case when g=Dt ! 0, as expected, the viscoplastic model
leads to the same prediction of the inviscid elastoplastic formulation while in the other extreme case when
g=Dt !1 the elastic solution is approximated.1
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Experimental evidence indicates that the mechanical response of quasi-brittle materials like rock, concrete
or ceramics are sensitive to changes in the applied loading rate. This eﬀect has been recently investigated by
several authors, see among others Bazant et al. (1993, 1995), Tandon et al. (1995), Bazant and Gettu (1992).
The work by Tandon et al. (1995) that includes a comprehensive experimental study on normal and high
strength concrete specimens of diﬀerent sizes using the three point bending test on notched beams demon-
strates that for a large increase of the applied loading rate or velocity, the post-peak softening may reverse
to hardening followed by a second peak of the stress-strain or stress-displacement curves. In the case of a sud-
den decrease of the velocity, a steeper slope is obtained for the softening branch, either for normal or high
strength concrete quality. In this section, the interface model capability to capture the reversal of softening
eﬀect is studied starting from the previously presented computational simulations of the tensile tests at several
displacement rates. To this end, a sudden change of the applied velocity (decrease or increase) is considered
from the so-called restart points located on the softening branch of the diﬀerent tensile response curves, see
Fig. 6. For a sudden velocity increase, the softening response turns into hardening behavior, with a second
stress peak. The numerical response stabilizes reaching the corresponding applied velocity slope to the higher
velocity. In the same ﬁgure, after a sudden decrease of loading rate, the slope of the stress-displacement dia-
gram becomes steeper, following a softening response that evolves until reaching the softening curve corre-
sponding to the lower velocity. It can be noted that immediately after velocity reduction, the
experimentally observed stress relaxation eﬀect is captured. The numerical tests in this section indicates that
the proposed model is capable to qualitatively reproduce the global observed experimental behavior regarding
reverse of softening eﬀects due to sudden velocity changes.6.4. Shear/compression tests
A second set of numerical simulations was performed to investigate the predictive capabilities of the
viscoplastic model under shear/compression stress states at diﬀerent strain rates. In the ﬁrst set of tests, an
initial load step is applied to impose a compressive stress state over the interface. Then, the shear relative
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Fig. 6. Reversal of softening eﬀect – constitutive response.
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constitutive response in terms of shear stress versus relative tangential displacement for compressive stresses of0.00
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Fig. 7. Shear test under diﬀerent compressive states.
R. Loreﬁce et al. / International Journal of Solids and Structures 45 (2008) 2686–2705 26992.0 and 6.0 MPa. The family of curves shows that an increasing shear strength are obtained for higher
conﬁnement pressures as well as for higher relative displacement rates. An additional eﬀect of the velocity
increment is the higher ductility of the post-peak branches as well as the related energy release. Unfortunately,
no experimental evidence was found to verify this eﬀect of the velocity increase on the fracture mechanics
properties of concrete and/or mortar. The evolution of dilatancy is represented in the form of normal relative
displacement against shear relative displacement and plotted in Fig. 8. In case of the rate-independent model
formulation the increase of the dilatancy in the normal direction to the joint takes place for decreasing
conﬁning pressures. However, in case of the rate-dependent model an additional increase of normal dilatancy
is obtained for increasing velocities.
Figs. 9–14 show model performance when compared against the experimental results by Hassanzadeh
(1992). These tests consisted on imposing combined normal and shear relative displacements to a developing
crack in a prismatic concrete specimen of 0:07 0:07 m2 square cross section with a perimeteral 0.015 m deep
notch. During the ﬁrst part of the numerical tests, a uniaxial tensile stress was imposed until the peak strength
is reached. From that stress state, a ﬁxed ratio h ¼ un=ut was applied, with un and ut the normal and tangential
relative displacements, respectively. All these experiments were carried-out under monotonically increasing
displacement control at the crack mouth in order to ensure stable crack propagation. The Hassanzadeh tests
were also considered by other authors to calibrate and/or validate the predictions of material models at con-
stitutive levels of observations, see Ali (1996), Carol et al. (1997), Cocchetti et al. (2002), Parland and Miet-
tinen (2002), Lo´pez Garello (1999). In this sense, for continuum type of material models the Hassanzadeh tests
were considered at the global stress-strain level, while for discrete models like the present one these tests are
considered at the stress-relative displacement level. In both cases homogeneous distribution of the global
strains and of the relative displacements at the crack mouth are assumed. In this work tests were run with
h ¼ 30 and h ¼ 60. The model parameters value used in these numerical analysis are:
EN ¼ ET ¼ 200 MPa=m, tan/ ¼ 0:9, v0 ¼ 2:8, c0 ¼ 7 MPa, GIf ¼ 0:1 N=mm, GIIf ¼ 10GIf , rdil ¼ 56 MPa,
ax ¼ 0, ac ¼ 1:5. The results in Fig. 9 show that the tangential and normal displacement control in the second
part of the Hassanzadeh test for h ¼ 30 is responsible for a stronger softening of the normal tensile stress than0.000
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ops up to a peak value from where a ﬁnal softening branch (in compression) follows. This behavior as well as
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sanzadeh’s test, as can be observed in Fig. 11. It is important to note, that the increment of velocity in both
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regime.
Regarding the behavior of the shear stress in terms of the tangential relative displacement in Figs. 10 and
12, similar conclusions to those corresponding to the performance of the normal stress related to the normal
R. Loreﬁce et al. / International Journal of Solids and Structures 45 (2008) 2686–2705 2703relative displacement can be obtained. In other words, a reduction of the peak shear stress and an increment of
the ductility can be obtained by increasing the value of h or by decreasing the applied velocity. Finally, Figs. 13
and 14 plot the evolution of normal stresses against shear stresses during those tests.
7. Conclusions
A new rate-dependent viscoplastic interface model for quasi-brittle materials like concrete and mortar was
presented. The proposed model is based on the inviscid elastoplastic interface formulation by Carol et al.
(1997) and on the continuous Perzyna’s theory for time-dependent material behavior. For the stress integra-
tion procedure during ﬁnite viscoplastic processes an extension of the well known Closest Point Projection
Method for rate-independent elastoplasticity was developed. To assure quadratic rate of convergence in ﬁnite
element analysis of deformation problems of quasi-brittle materials with the proposed rate-dependent inter-
face model the algorithmic or consistent tangent operator was formulated from the linearized form of the gen-
eralized consistency condition. The proposed model parameters were calibrated with the experimental results
by Suaris and Shah (1984, 1985) of uniaxial tensile tests on concrete specimens at diﬀerent strain rates. To
capture the non-linear variation of the tensile strength of concrete with the applied strain rate, an internal log-
arithmic function of the interface viscosity in terms of the velocity is proposed that was calibrated with the
above indicated experimental tests. The computational results in this paper demonstrate the capability of
the proposed rate-dependent interface model to reproduce the most relevant features of brittle material
dynamic failure. In this sense, the numerical predictions ﬁts very well the overstrength of concrete under
increasing velocity as well as the reversal of softening eﬀects by sudden velocity changes. The model is also
able to capture the interaction between the rate eﬀects and the time eﬀects that develop in mortar and concrete
for strain rates in the range of 1.0E-6 to 1.0E-4 s1. The proposed rate-dependent interface model is a suitable
numerical tool for discrete analysis of transient failure processes in quasi-brittle materials at the mesostructur-
al level of observation.Acknowledgements
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